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Multiscale 
Constitutive Modelling 

of Solids 

Topics: 
  
•  Multiscale constitutive theory 

•  Finite element implementation 

•  Applications 
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Macro-continuum and the RVE  
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●   Continuum formulation   
  Foundations established by Hill (1960s) and Mandel (1971) 
  Significant contributions, especially related to mathematical concepts, by 

Sanchez-Palencia and Suquet (1980s) 
  Large number of works related to the estimates of material properties of 

heterogeneous composites (Nemat-Nasser, Hori, Willis, Ponte-Castaneda 
and others); still ongoing 

●  Computational strategies based on FE 
  Feyel and Chaboche (2000): on basic FE methodology 
  Miehe and co-workers (1999,2002,2003): on generic formulation for linear 

and nonlinear problems 
  Kouznetsova, Brekelmans, Baaijens, Geers (2001,2002): on basic 

methodology and gradient enhanced models 
  Terada and Kikuchi (2001): generic formulation for linear and nonl. pr. 
  Ladeveze and co-workers (2001): on generic strategies for composites 
  Wriggers and Zohdi (2004): computational estimates of material 

properties; Wriggers (2007) on homogenisation of particulate materials 
  Ibrahimbegovic and co-workers (2004) 
  Ramm and co-workers (2005):localised failure analysis 
  Belytschko et al. (2007): failure at micro-level; aggregation discontinuities 

Multiscale constitutive theory 
Background 
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Why multiscale constitutive models ? 

real workpiece 

Underlying model: 
Lemaitre’s ductile damage 
model with tensile/
compressive 
damage growth distinction 
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Why multiscale constitutive models ? 

•  Improve predictive capability in numerical simulations 
•  Coupled multiscale FE analysis ( FE   )  
•  Calibration of phenomenological (macroscopic) models 
•  Devising new macroscopic models 
 

•  Understanding microscopic mechanisms and their impact 
on macroscopic behaviour 

•  Design of new materials 

2   
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Multiscale 
Constitutive Theory 
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Classical internal variable-based constitutive theory 

are derived in detail. These are specialised in Section 6 for the time-discrete
case. Section 7 extends the variational framework discussed earlier to the large
strain case. The formulation presented is based upon the averaging of the First
Piola-Kirchhoff stress tensor over the reference configuration of the RVE. The
equivalence between the presented theory and an analogous approach based
upon the spatial averaging of the Cauchy stress tensor is briefly discussed. The
report ends with Section 8, where some concluding remarks are presented.

2 Preliminaries. Classical constitutive theory

Restricted to the classical purely mechanical constitutive theory, the axioms of
Constitutive Determinism and Local Action (Truesdell , 1969) establish that
the stress tensor σ at any point of the continuum is uniquely determined by
the history of the strain tensor at that point. That is, there exists a symmetric
tensor-valued constitutive functional F such that, at an arbitrary instant t,

σ(t) = F(εt), (1)

where εt is the history of the infinitesimal strain tensor,

ε = ∇s
u, (2)

at the material point of interest up to instant t, with ∇s denoting the sym-
metric gradient and u the displacement field. The simplest instance of such
a law is the linear elastic constitutive model for which the stress is a linear
function of the instantaneous value of the strain tensor at t:

σ(t) = D
e : ε(t), (3)

with D
e denoting the fourth order elasticity tensor and : the double contrac-

tion. Popular specialisations of (1) accounting for dissipative behaviour (with
actual strain history-dependence of the stress response) include, among other
theories, conventional elasto-plasticity and elasto-viscoplasticity (refer, for in-
stance, to Lubliner (1990) and Lemaitre & Chaboche (1990)). In such cases,
the history of ε is parametrised by a set of internal variables whose evolu-
tion in time is governed by ordinary differential equations. Such models are
typically phenomenological in the sense that their internal variables are usu-
ally associated with macroscopic phenomena observable by means of relatively
simple experiments. One of the simplest examples of phenomenological inter-
nal variable-based dissipative models is a three-dimensional generalisation of
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Simplest model (linear elasticity – non-dissipative) 
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A simple dissipative model (Norton’s creep law) the well known Norton creep law for metals, with constitutive equations
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σ = D
e : (ε − εp)

ε̇
p =

(

‖dev σ‖
λ

)N

dev σ,

(4)

where dev(·) and ‖(·)‖ denote, respectively, the deviator and the Euclidean
norm of (·), N and λ are material constants, the superimposed dot denotes
the time derivative and εp is the plastic strain tensor – the only internal
variable of the model. The plastic strain tensor measures the permanent (or
irreversible) deformation of the material which, in spite of its microscopic
origin in mechanisms such as crystallographic sliding in polycrystalline metals,
can be measured by means of simple uniaxial tensile tests. Equivalently, by
replacing (4)2 into the rate form of (4)1 we have that the evolution of the
stress for this model is governed by the ordinary differential equation

σ̇(t) = D
e :



ε̇(t) −

(

‖dev σ(t)‖

λ

)N

dev σ(t)



 , (5)

where the strain tensor is a prescribed function of time. The constitutive
functional F of (1) represents in this case the solution of (5) for a given initial
condition.

Theories of the above type have been successful in modelling a wide range of
materials undergoing processes of interest in various areas of engineering. The
use of such theories in practical applications has been almost invariably made
having the Finite Element Method as the underlying numerical solution tool.
Over the last two decades or so, however, the increasing demand for the mod-
elling of problems of greater complexity in engineering as well as in generally
more demanding new areas, such as biomechanics and so-called multi-physics
problems, has stretched the application of conventional phenomenological the-
ories well beyond their limit of applicability. Phenomenological models in gen-
eral are known to rapidly loose their predictive capability as the strain history
becomes more intricate. In processes involving phenomena such as load re-
versal, large rotation of principal stress axes or large straining, a number of
complex microscopic mechanisms are known to interact often resulting in a
macroscopic behaviour of difficult modelling by means of purely phenomeno-
logical theories. A possible alternative to improve accuracy in this case is the
development of new phenomenological models featuring larger numbers of in-
ternal variables aimed at capturing the macroscopic effect of the most relevant
micro-mechanisms (Lemaitre & Chaboche , 1990). However, the side effect of
this approach is the potential difficulty associated with the identification of
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Multiscale constitutive theory 
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… history dependence concept same as in classical theory, BUT 

The evolution of the stress is generally described by an 
initial boundary value problem 

at the so-called microscopic (RVE) level !! 
(as opposed to ODEs in the classical case) 
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Basic axioms (EA de Souza Neto & RA Feijoo, 2010) 
 
(i)  Strain/deformation gradient averaging; 

(ii)  Functional set of admissible fluctuations is a subspace of the 
minimally constrained space of displacement fields compatible 
with the deformation gradient averaging; 

(iii)  Equilibrium of the RVE (principle of virtual work); 

(iv)  Stress averaging; and 

(v)   Hill-Mandel Principle of Macro-homogeneity. 

Multiscale constitutive theory 
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(i) Strain averaging 

     Consequence  Minimally constrained set of RVE displacements fields 

In terms of displacements fluctuations, 
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(ii) The actual kinematical constraints are such that 

     Consequence  Space of virtual displacements coincides with the 
                               space of admissible fluctuations 

      is a subspace of 
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(iii) Equilibrium of the RVE 

(iv) Stress averaging 

(v) Hill-Mandel Principle 
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     Consequences 

•  Body force and external traction fields are orthogonal to       (reactive 
  load systems to the chosen kinematical constraints) 

•  Reduced RVE equilibrium problem 

where it is generally assumed that 
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The choices of 
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Remarks   

●  The choice of        (the kinematical constraints) for a given RVE fully defines the model ! 

●  Note that  

●  The use of different        for a given RVE generally produces different estimates.   

That is, the Taylor model results in stiffest response (upper bound), while 
uniform traction results in the softest response (lower bound).  
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The macroscopic constitutive tangent tensor 

where      is the Taylor (volume average) constitutive tangent tensor and 
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•  Coupled multiscale FE analysis ( FE   )                     expensive! 

•  Calibration of phenomenological (macroscopic) models 

•  Devising new macroscopic models 

•  Understanding microscopic mechanisms and their impact on 
macroscopic behaviour 

•  Design/optimisation of microstructures 

2   

Multiscale constitutive theory 
Typical applications 
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Examples of application 
Multi-scale constitutive models 

(e.g. displacements,
  temperature, pressures)

Fluxes
Tangents

Discretised Micro Domain (RVE)

Discretised Macro
Domain

Spatial field
gradients

Solve
Microscale

Problem

macroscopic domain 

homogenisation 

solve 
micro equil., 

find 

discretised macroscopic domain (RVE) 

localisation 

Application. Fully coupled FE analysis 
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Finite element solution of the RVE equil. problem 

Discretised RVE non-linear equilibrium problem 

Linearised form. Newton-Raphson iteration 
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Periodic boundary fluctuations 
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Linearised system. Final format 
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Minimum constraint (uniform traction) 

Global constraint matrix 

Elemental constraint matrix (for an 8-noded isoparametric quad) 
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(no rigid body motion) 
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Linearised system 

Final format 
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Fully coupled multiscale analysis 
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Hyperelastic composite. Two-ply laminate 

Fully coupled FE analysis. Example 
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•  Coupled multiscale FE analysis ( FE   ) 
 
•  Calibration of phenomenological (macroscopic) models 

•  Devising new macroscopic models 

•  Understanding microscopic mechanisms and their impact on 
macroscopic behaviour 

•  Design/optimisation of microstructures 

2   

Multiscale constitutive theory 
Typical applications 
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Linear elastic microstructures 

No need for coupled analysis as the homogenised constitutive tensor 
defines completely the macroscopic behaviour ! 

Example: 
Linear elastic porous material 
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Shear modulus as a function of void volume fraction 
(need only compute elasticity tensor) 

Example:Linear elastic porous material 
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Hyperelastic composite. Two-ply laminate 

…back to a previous example 
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Computational Plasticity 32 
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•  Coupled multiscale FE analysis ( FE   ) 
 
•  Calibration of phenomenological (macroscopic) models 

•  Devising new macroscopic models 

•  Understanding microscopic mechanisms and their impact on 
macroscopic behaviour 

•  Design/optimisation of microstructures 

2   

Multiscale constitutive theory 
Typical applications 
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Porous plasticity 
RVE 

RVE 

f = 0.5% 

f = 10% 

Application. Devising new models 

Macroscopic yield function 
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Application. Devising new models 

Plasticity with phase debonding 
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Plasticity with phase debonding 
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Plasticity with phase debonding. Homogenised yield surfaces  

Gurson model 

Von Mises model 
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•  Coupled multiscale FE analysis ( FE   ) 
 
•  Calibration of phenomenological (macroscopic) models 

•  Devising new macroscopic models 

•  Understanding microscopic mechanisms and their impact on 
macroscopic behaviour 

•  Design/optimisation of microstructures 

2   

Multiscale constitutive theory 
Typical applications 
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Application. Understanding dissipative behaviour 
Wood cell-wall 

wood cell 

[m] 

[cm] 

[µm] 

[µm] [nm] 

[cm] 

honeycomb-type 
microstructure [mm] 

(growth ring) 

cell wall 

micro-fibril 
[nm] 

cellulose core 
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Application. Understanding dissipative behaviour 
Wood cell-wall 

MICROFIBRIL 

MICROFIBRIL 
ANGLE (MFA) 
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symmetry 
crystalline + non-

crystalline cellulose 

hemicellulose 
(visco-plastic) 

lignin 
(visco-plastic) 

non-crystalline 
(amorphous) 

cellulose 

non-crystalline 
cellulose 
(plastic) 

crystalline cellulose 
(elastic) 

CELLULOSE CORE 
RVE  

2-scale 3-D microfibril (cell-wall level) RVE 

All parameters experimental, 
except for hemicellulose yield stress 

and hemicellulose/lignin viscosity parameter 
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Application. Understanding dissipative behaviour 
Wood cell-wall 

(Saavedra Flores, de Souza Neto, Comput. Mat. Sci., 2011) 
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•  Coupled multiscale FE analysis ( FE   ) 
 
•  Calibration of phenomenological (macroscopic) models 

•  Devising new macroscopic models 

•  Understanding microscopic mechanisms and their impact on 
macroscopic behaviour 

•  Design/optimisation of microstructures 

2   

Multiscale constitutive theory 
Typical applications 
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Application 
Microstructural design/optimisation 

The idea 
 
•  To develop a topological derivative-based algorithm for the 
  optimisation/design of elastic microstructures 
 
The reason 
 
•  Success of the approach in the optimisation of load-bearing 
  structures – simple algorithms 
•  Current methods of topological optimisation rely heavily on 
  artificial algorithmic parameters and ad-hoc post-processing 
  techniques 
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Example of topological derivative-based 
design optimisation 

5

parameters for the biaxial fit model under traction and compression yield strengths fc = 30.5MPa and
ft = 2.75MPa respectively [?]. In both cases we set β = 10. The stress constraint penalty function is not
computed in the white region of size 15× 15m2. Taking into account the symmetry od the problem, we
discretize only a half part or the domain. The initial mesh has 4800 elements and 2501 nodes. Then we
perform two steps of uniform mesh refinement, leading to 76800 elements and 38801 nodes. The result
obtained for the unconstrained case is show in Fig. 8a, where we observe a well-known tie-arch bridge
structure. However, the result obtained for the constrained case is quite different, namely, it eliminates
the structural elements under uniaxial traction, which is reasonable from the practical point of view.

Figure 7. Bridge: initial guess and boundary conditions.

(a) unconstrained case

(b) constrained case

Figure 8. Bridge: obtained design for the unconstrained and constrained cases.
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Initial bridge design guess 

Optimum design – von Mises 
stress constraint 

Optimum design – Drucker-Prager 
stress constraint 
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Topological optimisation/design of 
elastic microstructures 

The topological derivative (Sokolowski & Zochowski, 1999) here will be 
associated with the following topological perturbation of the microscopic domain: 

topological asymptotic expansion of a functional topological derivative 

RVE 
topologically perturbed 

RVE 
perturbation 
(inclusion) 
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Topological optimisation/design of 
elastic microstructures 

RVE 
topologically perturbed 

RVE 

Problem definition 

RVE elasticity tensor field: 
macroscopic 

elasticity tensor macroscopic 
elasticity tensor 

perturbation 
(inclusion) 
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Topological optimisation/design of 
elastic microstructures 

The macroscopic elasticity tensor 

where         is the Taylor (volume average) elasticity tensor and 
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Topological optimisation/design of 
elastic microstructures 

Topological asymptotic expansion of the macro elasticity tensor 
(Giusti, Novotny & de Souza Neto. Proc. R. Soc. A, 2010) 
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Topological optimisation/design of 
elastic microstructures 

Topological asymptotic expansion of 

topological 
derivative of 

Limits: 
                               (insertion of void)                              (rigid inclusion) 
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Topological optimisation/design of 
elastic microstructures 

The field          at each point      of the RVE represents 
the derivative of       with respect to the volume fraction 
of inclusion inserted at that point. 

^
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Topological optimisation/design of 
elastic microstructures 

The optimisation problem (bi-material micro-structure) 

topological derivative of 
cost function J 

Topological derivative-based optimisation algorithm 
(Amstutz, Giusti, Novotny, de Souza Neto. IJNME, 2010) 

level-set 
domain representation 

Sufficient optimality 
condition 

fixed point 
iteration 
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EXAMPLE 1 – Maximisation of Bulk modulus with specified volume fraction 
 
Target volume fraction of phase 1 = 0.44 

designed 
microstructure 

convergence of 
cost function 

K = 0.1640  
Vf = 0.4444 
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EXAMPLE 2 – Minimisation of Poisson ratio with specified volume fraction 
 
Target volume fraction of phase 1 = 0.66 

designed 
microstructure 

convergence of 
cost function 

Poiss = -0.322  
Vf = 0.655 
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EXAMPLE 3 – Poisson ratio minimisation 

optimised 
microstructure 

convergence of 
cost function 
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EXAMPLE 4 – Microstructure design to specified property 
Target Bulk Modulus = 0.1 
Target volume fraction of phase 1 = 0.44 

designed 
microstructure 

convergence of 
cost function 

K = 0.1003 
Vf = 0.4401  
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EXAMPLE 5 – Microstructure design to specified property 
Target in-plane Poisson ratio = 0.8 
Target volume fraction of phase 1 = 0.48 

designed 
microstructure 

convergence of 
cost function 

Poiss = 0.7899 
Vf = 0.4803  
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Multiscale modelling 
Current challenges and ongoing work 

•  Multiscale modelling/analysis: 

•  Alloys (phenomena such as grain boundary sliding, etc) 
•  Hydrogen enbrittlement/hydrogen diffusion 

 
•  Microstructural design/optimisation: 

•  Manufacturing constraints 
•  Bio-inspired materials 
•  Biocompatible materials 
•  Stress intensity factor constraints (?) 
•  Metamaterials (?) 


