Computational Plasticity

Multiscale
Constitutive Modelling
of Solids

Topics:
» Multiscale constitutive theory
 Finite element implementation

* Applications
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macroscopic
continuum
(macro-scale)

representative
volume element
(micro-scale)
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Macro-continuum and the RVE
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Multiscale constitutive theory
Background

e Continuum formulation

*
*

*

Foundations established by Hill (1960s) and Mandel (1971)

Significant contributions, especially related to mathematical concepts, by
Sanchez-Palencia and Suquet (1980s)

Large number of works related to the estimates of material properties of
heterogeneous composites (Nemat-Nasser, Hori, Willis, Ponte-Castaneda
and others); still ongoing

e Computational strategies based on FE

*
*

*

2

*

Feyel and Chaboche (2000): on basic FE methodology

Miehe and co-workers (1999,2002,2003): on generic formulation for linear
and nonlinear problems

Kouznetsova, Brekelmans, Baaijens, Geers (2001,2002): on basic
methodology and gradient enhanced models

Terada and Kikuchi (2001): generic formulation for linear and nonl. pr.
Ladeveze and co-workers (2001): on generic strategies for composites

Wriggers and Zohdi (2004): computational estimates of material
properties; Wriggers (2007) on homogenisation of particulate materials

Ibrahimbegovic and co-workers (2004)
Ramm and co-workers (2005):localised failure analysis
Belytschko et al. (2007): failure at micro-level; aggregation discontinuities
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Why multiscale constitutive models ?

Underlying model:
Lemaitre’s ductile damage
model with tensile/
compressive

damage growth distinction
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Why multiscale constitutive models ?

* |Improve predictive capability in numerical simulations

* Understanding microscopic mechanisms and their impact
on macroscopic behaviour

* Design of new materials
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Classical internal variable-based constitutive theory
o(t) = 3(e)

Simplest model (linear elasticity — non-dissipative)
o(t) = D° : e(t)

A simple dissipative model (Norton'’s creep law)

(a:Dez(e—sp)
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Multiscale constitutive theory

... history dependence concept same as in classical theory, BUT

The evolution of the stress is generally described by an
initial boundary value problem
at the so-called microscopic (RVE) level !!
(as opposed to ODEs in the classical case)
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Multiscale constitutive theory

Basic axioms (EA de Souza Neto & RA Feijoo, 2010)

(i) Strain/deformation gradient averaging;

(i) Functional set of admissible fluctuations is a subspace of the
minimally constrained space of displacement fields compatible
with the deformation gradient averaging;

(iii) Equilibrium of the RVE (principle of virtual work);

(iv) Stress averaging; and

(v) Hill-Mandel Principle of Macro-homogeneity.
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(i) Strain averaging
l . J — S
(at) = — [ euly.t)dv ey = Vou,
Q.

Consequence Minimally constrained set of RVE displacements fields

w, € ¥, = v, sufficiently regular | / v@sndA=V,e
o0,

In terms of displacements fluctuations,
w,(y,t) =u,(y.t) —{u(x,t)+ € y}

u, € X, = v, sufficiently regular | / v@;ndA=0
80,
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(if) The actual kinematical constraints are such that

T, C X

H Jz

is a subspace of .z

Consequence Space of virtual displacements coincides with the
space of admissible fluctuations

~—

v, = K,

p 1

11
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C2EC Computational Plasticity

(iif) Equilibrium of the RVE

/ | ouly. 1) : VindV — / | by, t) - ndV

2, A,

— / t°(y,t) - ndA=0
89,

(iv) Stress averaging

oz, t) = ‘i / o-#(y. t)dv

Ha,
(v) Hill-Mandel Principle
: L/ : :
o .= r / o, €y dV
,11 .
0

-/‘

Vn € l; |

12
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Consequences

* Body force and external traction fields are orthogonal to 7. (reactive
load systems to the chosen kinematical constraints)

/ t°-n dA=0; / b-ndV=0 Vnev,
090, Qs

* Reduced RVE equilibrium problem

Gle, g n) = / 3, {le(@.t) + Vi (y, 1)} : VindV
Qs
— / t'(y.t) - ndA =0 Vnev,
o0,

where it is generally assumed that o, (y. 1) = §,(<,(v))
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The choices of 7,

(a) Taylor model

%t _ Ta,y]c»rnj/iJ = {0}

(b) Linear boundary displacements model

7/11- - lin%ﬁ = { '&u < jﬁ:: ‘ &ﬂ-(y*t) =0 Vy € UQ:U} o

(¢) Periodic boundary displacements fluctuations model
‘ 00~ .
7/,{1 - per%ﬁ 2

{u, e Jii’* la,(yTot) =u,(y.t) ¥ pairs {y .y~ }}

o~
(d) Minimum kinematical constraint (or uniform boundary traction)

7/;: = { v, sufficiently regular | / v®m dA =0 }
A0,
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Remarks

e Note that

Taylornj/lu C ]hh//u C perfy/lu C unini/u
That is, the Taylor model results in stiffest response (upper bound), while

uniform traction results in the softest response (lower bound).

e The use of different 7. for a given RVE generally produces different estimates.

e The choice of 7. (the kinematical constraints) for a given RVE fully defines the model !
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The macroscopic constitutive tangent tensor

C=C+C

where C is the Taylor (volume average) constitutive tangent tensor and

~ | ~ | ~
Q, J 7

Vo o

J C.,lra,, - Vn = —J Cule; @e)) - V'n VneV,
Q " Q

=< ==l



Iec Computational Plasticity

Multiscale constitutive theory
Typical applications

Coupled multiscale FE analysis ( FE2) ‘ expensive!
Calibration of phenomenological (macroscopic) models
Devising new macroscopic models

Understanding microscopic mechanisms and their impact on
macroscopic behaviour

Design/optimisation of microstructures

17



Computational Plasticity

Application. Fully coupled FE analysis

o g

macroscopic domain

homogenisation

localisation
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Finite element solution of the RVE equil. problem

Discretised RVE non-linear equilibrium problem

G'(a)t) = { B" 6,(e"" +Bu; ™) dV} =0

L
Qh

Vn e ){/’?
Linearised form. Newton-Raphson iteration

FED L KED sl n=0  ¥neuf)

19
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® l? ®
¥ v
f—i—‘-——il— ——————— —-‘i-
|
|
e o °
Vi
(){,/;,h: V=|v, vV, =V_
\'
(T 7 (k—1) - 1(k=1) 1)) T
F,j ki‘i k‘i-—{— k'i.— ()fll n;
] 1| Fu + |k koo ko Ou ccne | =00 Vnmg
F_ ko, k . k__ 5Ly .
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P (k—1) . " . (k—1) - (k)
i i i+ T Ki— ou; n, i
+ ’ -
F+—|—F_ k+,ﬁ —}—k_j, k++—+—k+_ +k_++k__ (5(1_+_ l]_+_
v,y
Linearised system. Final format
(k=1) 7 (k) (k—1)
k'ixi, kj+ + ki— 0 u; F i
k., +k, k. +k, +k ,+k _ o, F,+F_
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Minimum constraint (uniform traction)

_— I
- —

- V; /
%_h =V = o/ ) Nyv, 0, ndA=0
Vb \\C)QF‘
T~

\\/\

CVbIO

Global constraint matrix

fangN‘”rl ni dA 0 . fa“ﬂ Nigm n1 dA 0
C o 0 faﬂi‘z Npy1nodA e 0 faﬂﬁ Ngym nodA
Ny, 1A f Ny, 1A . f N 1A f N 1A
i faﬂﬁ k12 € aah  FH1 e aah ™ n2e ok ™ AR

Elemental constraint matrix (for an 8-noded isoparametric quad)

0 0o L o
cC9=191 0 00 0 0 0

D=
wro

D=
=
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Vry
(C;CyC, ] |vy| =0 v, = 0. (no rigid body motion)
_VEJ_

Va
—) v, =Rv; = -C;' Cy
( B ] )
V;
q /a{//lhE<V: \7, Vd—RV)‘ 3
Vi
A L )
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Linearised system

Computational Plasticity

(r (k=1 1k=1) ()Y -
F; K;i K; f Kiq ou; n;

{ Fj + ka kfj kf(l (Sﬁj o Ny =0 Vﬂi» Ny
F(l kdi kdf k(l(l R (Sﬁf R Ny

Final format

(k=1 Ak (k—1)
Ki; K +kiR ou, F;

kﬁ+Rde_3- KertkepgR+ RdeerRdedR ouy Ff+RTFd
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Fully coupled multiscale analysis

. stress update
internal force vector

fint(U):=eAﬁe§!GTPdV=ﬁmegWg P, P, ;=%fpﬂ dV

1 u Qo

residual force vector

" R(U) = /™ (U)- ;"

g

check . .
convergence tangent stiffness matrix

IR = tol K==A [G'AGar -A >, GiAG,
Q, &=

\ 4

Increment external load Newton-Raphson correction

i:=i+1; compute /" U=U-K'R

|

Q
o)
e
.
=
S
=
| -
=
=
o
LLI

Load incrementation loop
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Fully coupled FE analysis. Example

Hyperelastic composite. Two-ply laminate

26

*D = 120 u=100 = r
j_I; L
1t i
\ i_:* %\____ ]
80 VR i_:? : “\;$\— 1
gl . NN
i N \ ] K\ \'{“"
i N N N
e N
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Multiscale constitutive theory
Typical applications

Calibration of phenomenological (macroscopic) models

27
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Linear elastic microstructures

No need for coupled analysis as the homogenised constitutive tensor
defines completely the macroscopic behaviour !

Example:
Linear elastic porous material

Type 1 Type 2
5% VVF 10% VVF

Type 3 Type 4
15% VVF 20% VVF
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Example:Linear elastic porous material

Shear modulus as a function of void volume fraction
(need only compute elasticity tensor)

160 —————— - — e e e e e e e e e e e e e e e e e e e e e e e e e e e e e —— T —— - —

= < = Taylor assumption
Nemat-Nasser(Pre.macro-stress)

e Ne mat-Na s se r(Pre .macro-strain)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04
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...back to a previous example

Hyperelastic composite. Two-ply laminate

30

120 u=100
5
5

A
i

b

I N I
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Single-Scale Transversely Isotropic Continuum Model:

Vi = g(ll—S)—uan+%(J—1)2
Ty = [a+ﬁlnj+7(l4—1)](14—1)—%(15—1).

Bonet J., Burton AJ., A simple orthotropic, transversely isotropic hyperelastic constitutive
equation for large strain computations, Comput. Methods Appl. Mech. Engrg., 162 (1998)
151-164.

Multi-Scale Model with Isotropic Neo-Hookean Matrix:

(I —3)—uan—|—é(J—1)2

\Ijmat — 9

N =

Isotropic Neo-Hookean Fiber: W, .o = Wit
Isotropic Ogden Fiber: W, q = S0 Ao (X0 4 XS 4 \Sn — 3)

n=1 anpn

N is a positive integer, A;;—1 2 3) are the principal stretches and (., and o, are material
constants such that yun,an, >0, n=1,2,..., N

31
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RVE (Neo-Hookean Fibre)

0% 7000 ¢
-20
. 5600 |
. .40
© < 4200
5 E
13 B
- 80 é 2800 |
-% ~100 |
g 1400 }
o -120 ¢t
-140 N — )
0 20 40 60 80 100 0 20 40 60 80 100

Displacement of right face Displacement of right face
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Multiscale constitutive theory
Typical applications

Devising new macroscopic models

33
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Application. Devising new models

Porous plasticity

+V1—(}:’2

) 0 0
E=

L Bl
V2 V2

1
V2
0

a € [0,1]

1.0 1

0.9 1

0.0

f=0.5%

—— Gurson
—-=- Linear Boundary Displ.
------ Uniform Traction

T T T T T T T T T T T T
00 03 05 08 10 13 15 18 20 23 25 28 30
P

10 +

0.9 4

0.8 1

0.7 4

a6 4

I= 0.5 4
0.4 4
0.3 4
0.2

0.1 A

34

0.0
0.0

0.3

0.5 0.8 1.0 1.3 1.5

Macroscopic yield function

d=q-0C [1 — Oy sin? (

p

2P,

I8

1
Ceq

[1 + f2 — 2][‘(/13 cosh <

T 1
1.8 2.0

V3Cyp
gy

I
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Application. Devising new models

Plasticity with phase debonding

1 1
€ =u [\/5 —|—\/1—oz2[ ﬂ] . a=-1.0,-09,....0,....1.0
73 s 0
)
S
, -ideally plastic matrix
L -rigid inclusion
-contact with (1=0.3) and without (1=0) friction
U
Coll coll _ coll
— 3 zz 1 p = paY
o.coll - -

coll

oYy
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Plasticity with phase debonding

fully bonded debonded (14=0)

36
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Plasticity with phase debonding. Homogenised yield surfaces

Von Mises model

1.2 ¢
o
1 la Ao ° &7 /
A A AOA O] o
“ R AQ Debonded Inclusion, =0 o
0.8 | AODebonded Inclusion, ;= 0.3 A
Bonded Inclusion
+a Hole -t
> 06 + + Homogeneous Matrix
i @, — Gurson model
0.2 | ! )
[ .
+
0
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Multiscale constitutive theory
Typical applications

Devising new macroscopic models

Understanding microscopic mechanisms and their impact on
macroscopic behaviour

38
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Application. Understanding dissipative behaviour

Wood cell-wall
honeycomb-type

microstructure [mm]
(growth ring)
.

wood cell

cell wall
[um]

cellulose core —
[nm]

micro-fibril
[nm]
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Application. Understanding dissipative behaviour
Wood cell-wall

Cell wall
layers

MICROFIBRIL

MICROFIBRIL
ANGLE (MFA)

NU’
\V
Secondarv wall

Primary
wall

Middle
lamella
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2-scale 3-D microfibril (cell-wall level) RVE

symmetry

crystalline cellulose

S s s A Y YT T T T T T T T T T

non-crystalline
(amorphous)
cellulose

crystalline + non-
crystalline cellulose

L~

hemicellulose
(visco-plastic)

--------- ||g nin

(visco-plastic)
SSEEREEEN

YSSNREEEER

(elastic)
4’
non-crystalline i
cellulose
(plastic) =5 ¥ CELLULOSE CORE
Ll RVE
o

All parameters experimental,
except for hemicellulose yield stress
and hemicellulose/lignin viscosity parameter
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Application. Understanding dissipative behaviour
Wood cell-wall

(Saavedra Flores, de Souza Neto, Comput. Mat. Sci., 2011)

0.08
0.07 — - Total failure
Variation of slope in in tested cell
experimental curve
0.06 @
— 0.05
Dr_U Variation of slope in numerical
) curves: Onset of yielding in
~— 0.04 amorphous cellulose
>
b>-
0.03 - <= Simulation considering three
loading/unloading cycles
0.02 —— Simulation considering
monotonicstraining
0.01 e Keckesetal. (2003)
0 1 1 i
0 0.05 0.1 0.15 0.2 0.25
e
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Multiscale constitutive theory
Typical applications

Design/optimisation of microstructures

43
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Application
Microstructural design/optimisation

The idea

 To develop a topological derivative-based algorithm for the
optimisation/design of elastic microstructures

The reason

« Success of the approach in the optimisation of load-bearing
structures — simple algorithms

 Current methods of topological optimisation rely heavily on
artificial algorithmic parameters and ad-hoc post-processing
techniques

44
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Example of topological derivative-based
design optimisation

l

c

h

Initial bridge design guess

Optimum design — von Mises
stress constraint

Optimum design — Drucker-Prager
stress constraint
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Topological optimisation/design of
elastic microstructures

The topological derivative (Sokolowski & Zochowski, 1999) here will be
associated with the following topological perturbation of the microscopic domain:

topologically perturbed

RVE RVE
perturbation
n (inclusion)
= )
-Qu -de = (Q,u\HE) UZ, L,
topological asymptotic expansion of a functional topological derivative
. | o . , U (Q) — U (Q,
V(Que(Y)) =¥ (2) + f(2) Drv(yY) +o(f (2)) D1 = lln})L ( u} (_H)L %)
where f () — 0, when & — 0. f(z) = |B.|
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Topological optimisation/design of
elastic microstructures

Problem definition
topologically perturbed

RVE RVE
perturbation
A (inclusion)
= RO
Q, Q= (Q\HHUI, T

/

macroscopic
elasticity tensor

C

macroscopic
elasticity tensor

C

RVE elasticity tensor field:

Cn Yye Q\H:
vC, Vy el
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Topological optimisation/design of
elastic microstructures

The macroscopic elasticity tensor

C=C+C

where C is the Taylor (volume average) elasticity tensor and

"l

o | ~ _ .
C= |:— [ (T,u;,-)zj:| (e, ¥e; Ve, Qe T, =C,I"qa,,
0 i | .

] C,lru,, - Vn= —] Cule;®e)-V'n VneV,
Q, ) Qy

48
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Topological optimisation/design of
elastic microstructures

Topological asymptotic expansion of the macro elasticity tensor
(Giusti, Novotny & de Souza Neto. Proc. R. Soc. A, 2010)

Y(e):=Jo, (uy) :J T, -V,

Qe

Dot =i | |
= lim —
B e—0 f'(¢) de

Ja,, (ug,)

d .
gﬂgm (u,,) = J'Q X, Vv 2, =T, - E#E)I—‘Z(Vuus)TT#E

T -E=T-E —v(e)HT, - T, + o(v(e))

v(e) :=me?/ V,
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Topological optimisation/design of
elastic microstructures

Topological asymptotic expansion of C

Ce=C —v(e)Dy + o(v(e))

topological

Dy = Hi‘ug ' i‘u;.,; (e Qe Rer e - derlv?the of

— . — 3—v 1 )
11-]1::](1 Y)[-HH—Y((X 26) ](I®I)} o= : = T

E\1+ay 1 + By I+ 1=
Limits:
v — 0 (insertion of void) Y —> 00 (rigid inclusion)
1 a—20
H=—[4[- I =—— | |
7l I®D] H Ea{llpr g (I®I)}
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Topological optimisation/design of
elastic microstructures

©, ©,

TEAS Y

Q e=(Q\HYUT,

The field D1, at each point 4 of the RVE represents
the derivative of C with respect to the volume fraction
of inclusion inserted at that point.
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Topological optimisation/design of

elastic microstructures

The optimisation problem (bi-material micro-structure) ,

Qi oY
Minimize](Qt) = h(C) +r; ”l — | a
Q,cQ, V” V“

Topological derivative-based optimisation algorithm
(Amstutz, Giusti, Novotny, de Souza Neto. IJNME, 2010)

Dr](y) = (Dh(C), DrC()) + 2, (Vi — V') 4

9,1, = {y € Q.. v(y) <0} =
02 = {y € Q. ¥(y) >0}

—DTJ(Qt)(y) if yEQ}I

d7r>0 st. g=71v 9(y) = ' -

DrJ(,)(y) if yeQ;

UUES

o —

Unt1 = — sin((1 = kn)0n)n +sin(kpby,) ———
"t sing,, (( n)6n ) (Fon n)H.(J-nHL?

topological derivative of
cost function J

level-set
domain representation

Sufficient optimality
condition

DrJ(y) >0 VyeQ,

fixed point
iteration
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EXAMPLE 1 — Maximisation of Bulk modulus with specified volume fraction

Target volume fraction of phase 1 = 0.44

24

|

22J‘

20ﬁ“

o convergence of
T el cost function
> |
8 14ﬁ\‘
3 1ol
g 12 ‘
°© 10ﬁ“

o

ol -

40 é 1r0 1r5 2r0 2r5 Sb 3r5 4r0 4r5 50

iteration

designed
microstructure

K=0.1640
Vf = 0.4444
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EXAMPLE 2 — Minimisation of Poisson ratio with specified volume fraction

Target volume fraction of phase 1 = 0.66

0.8

0.6

o4r convergence of

02l cost function

ol -
-0.2}- X

-0.41-

-0.6 - \

-0.8

cost function J (Qll )

r r r r r r r r r
0 5 10 15 20 25 30 35 40 45 50
iteration

designed
microstructure

Poiss = -0.322

Vf=0.655
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EXAMPLE 3 — Poisson ratio minimisation

h((C) — —(6_1)1122

\ convergence of
cost function

,,,,,,
- S < o @ 5 © <

optimised
microstructure
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EXAMPLE 4 — Microstructure design to specified property
Target Bulk Modulus = 0.1

Target volume fraction of phase 1 = 0.44

1200

10001

800l convergence of

cost function
600 |-

cost function J (Q:‘ )

|
400 |
|

designed 9000
microstructure {]{]{]{]

K=0.1003 {]{}{]{}
Vf = 0.4401 ﬂ{]{]{]
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EXAMPLE 5 — Microstructure design to specified property
Target in-plane Poisson ratio = 0.8
Target volume fraction of phase 1 = 0.48

1000

900 j
800 |-
700 -

convergence of

600 -

| cost function|
100!\ K P\/_p |
designed

microstructure

Poiss = 0.7899 :"'j

Vf=0.4803
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Multiscale modelling
Current challenges and ongoing work

» Multiscale modelling/analysis:

* Alloys (phenomena such as grain boundary sliding, etc)
» Hydrogen enbrittlement/hydrogen diffusion

» Microstructural design/optimisation:

« Manufacturing constraints

* Bio-inspired materials

» Biocompatible materials

« Stress intensity factor constraints (?)
* Metamaterials (?)

58



