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Finite Element Formulations 
for 

Near-Incompressibility 
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The near-incompressibility problem: 
 
 
•  Standard low order displacement-based finite elements perform 
  very poorly in the solution solid mechanics problems with nearly 
  incompressible materials (von Mises elasto-plasticity is a typical 
  example). 
 
•  These elements lock, i.e., produce overstiff solutions with 
  unacceptable error. 
 
•  Low order elements are preferred in the solution of complex problems 
  due to their simplicity. 
 
•  But can only be used under near-incompressibility if properly combined 
  with special techniques. 
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The F-bar method. Basic idea 
 
 
•  Conventional elements impose near-incompressibility at each Gauss 
  point 
 
•  This overconstrains the element if the underlying material is nearly 
   incompressible 
 
•  The F-bar method is based on the idea of relaxing the volumetric 
   constraint 
 
•  How ?   By using a form of averaged volumetric strain over the element. 
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The elements 

Deviatoric/volumetric split of F 

The F-bar deformation gradient Gauss point stress 
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Element internal force vector 

Tangent stiffness matrix 

Easy incorporation into existing codes with conventional elements ! 
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Internal force computation 
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Stiffness matrix computation 
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Verification. Cook’s membrane 
(quasi-incompressible hyperelasticity) 
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Verification. Stretching of a double notched specimen 
(perfect plasticity) 
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Verification. Necking of an axisymmetric bar 
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Application. Upsetting of a tapered cylinder 
(adaptive remeshing) 
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The F-bar-Patch method for simplex elements 
 
•  The conventional F-bar concept cannot be used for simplex elements 
 
•  The idea then is to average the volumetric strain over a patch 
   of elements 
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F-bar deformation gradient 

Tangent stiffness matrix 
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Verification. Cook’s membrane 
(quasi-incompressible hyperelasticity) 
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Verification. Indentation of a rubber block 
(quasi-incompressible hyperelasticity) 
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Verification. Necking of an axisymmetric bar 


