Computational Plasticity

Finite Element Formulations
for
Near-Incompressibility
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The near-incompressibility problem:

« Standard low order displacement-based finite elements perform
very poorly in the solution solid mechanics problems with nearly
incompressible materials (von Mises elasto-plasticity is a typical
example).

* These elements lock, i.e., produce overstiff solutions with
unacceptable error.

* Low order elements are preferred in the solution of complex problems
due to their simplicity.

« But can only be used under near-incompressibility if properly combined
with special techniques.
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The F-bar method. Basic idea
« Conventional elements impose near-incompressibility at each Gauss

point

 This overconstrains the element if the underlying material is nearly
iIncompressible

* The F-bar method is based on the idea of relaxing the volumetric
constraint

« How ? By using a form of averaged volumetric strain over the element.
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The elements
Deviatoric/volumetric split of F
F, = (det F)~1/3 F
F I
F, = (det F)'/3 T
E

The F-bar deformation gradient Gauss point stress

q On+i :&(anzp)

det F, ) 1/3

F=F, (Fo), = ( det F
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Element internal force vector

o = / B” 6(cv,, F) dv
p(€20))
Tangent stiffness matrix

K\ = / G' al,_Gdv + / G' q(Gy— G)dv
o(Q2(e)) B ()

standard element additional
stiffness at F = F stiffness
Loa . (T 2/ o o
qg=za:[IxI)—5(cxl)

Easy incorporation into existing codes with conventional elements !
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Internal force computation

e compute Gy (standard G matrix at & = &)

(i)

e evaluate det ¥,,, with Fy =1+ Ggpu

(ii) set Gauss point coordinates £;, weights w; and Jacobian de-
terminants j;

(iii) do ¢ =1, ngausp (loop over Gauss points)

e compute standard G matrix at &,
e F:=T+ Gu (conventional def. gradient)
det Fy\ 3
_ e 0 . . .
° | F .= F (modified def. gradient
( det F ) ( D )
e 0:=0(a,. F) (call stress update routine)
e compute standard B matrix at &;

f(iif)t = ffi‘; + w; j; BT o (add i"" Gauss point contrib.)

end do
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Stiffness matrix computation

e compute Gg (standard G matrix at £=§&)

(1)

e cvaluate det Fy, with F, .= 1+ Ggu

(ii) set Gauss point coordinates §,

;- weights w; and Jacobian de-
terminants j;

(iii) do 7 =1, ngausp (loop over Gauss points)

e compute standard G matrix at &,
e =1+ Gu
1/3
_ det Fp \ e : :
o | F:= 0 F  (modified det. gradient)
det ¥ ' -
e a:=a(F) (tangent modulus computation routine)

e KIY =K + w;j;G"aG

— compute matrix q defined by (15.11)

_ KEEJ = KLEJ + w; Ji GTq (Go—G)

end do
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Verification. Cook’ s membrane
(quasi-incompressible hyperelasticity)
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Verification. Stretching of a double notched specimen
(perfect plasticity)

Pttt

total edge reaction
N
|
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” 1 Present element —
2 Q1/E4 ----
— 1 Standard element -
0 0.1 02 03

displacement, u
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Verification. Necking of an axisymmetric bar

3-D
deformed mesh
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The F-bar-Patch method for simplex elements
* The conventional F-bar concept cannot be used for simplex elements

* The idea then is to average the volumetric strain over a patch
of elements

____________

pre-defined patch PR Y
of simplex elements "\« ' N

———————

typical mesh of
simplex elements
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B ------ A typical mesh of
F-bar deformation gradient e L e e
1/3 !
= Upatch \ !
F, = P F, Ao
Vpatch (d@t F)) \‘\

Tangent stiffness matrix

U,
K., :f G;,raGg dv + ( S l)[ GZqGE dv
P(Q,) Upatch p(Q,.)

Uy
K,, = — / G;,FqGS dv, se?, s*e
Upatch Jp(€,)
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Verification. Cook’ s membrane
(quasi-incompressible hyperelasticity)

— F-bar-patch linear triangle

------- F-bar bi-linear quadrilateral

Top rigth corner displacement

1 A ----Standard Linear Triangle

O T T T T T T
0 5 10 15 20 25 30 35
Number of elements per side
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Verification. Indentation of a rubber block
(quasi-incompressible hyperelasticity)
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Figure 5. Indentation of a rubber block: (a) problem definition; deformed meshes at 25% compression;
(b) standard isoparametric 3-noded triangle; (¢) F-bar-Patch 3-noded triangle with patches of two
elements; and (d) 4-noded F-bar quadrilateral.
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