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Plasticity with 
Singular Yield Surfaces 

Topics: 
  
•  Tresca model in principal stress space 

•  Mohr-Coulomb model. Geomaterials 

•  Finite strain single crystal plasticity 
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General Return Mapping-based 
Algorithm for Plasticity. 

REVIEW 
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Tresca Model 
in Principal Stress Space 
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Plastic flow rule for non-smooth (sub-differentiable) potentials 
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Tresca yield function in principal stress space 
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Invariant representation 
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Multi-surface representation 

Elastic domain 

Yield functions (linear on princ. stresses) 
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Associative Tresca flow rule 

General (subdifferential) form 

Multi-surface representation 
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1. Flow from main plane 

2. Flow from right corner 

3. Flow from left corner 

Possible representations: 
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Associative Tresca isotropic hardening law 

General accumulated plastic strain evolution for multi-surface models 

Tresca model 

n = number of active surfaces 

main plane 

right corner 

left corner 

Yield stress 
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Three possible return mappings 

1. Main plane (one equation) 

Principal stress update 
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2. Right corner (two equations – 2-vector return mapping) 

Principal stress update 
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3. Left corner (two equations – 2-vector return mapping) 

Principal stress update 
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…Finally, the stress tensor update reads 



Computational Plasticity 21 

FLOWCHART 
 

Tresca in principal 
stresses 
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Consistent elasto-plastic tangent operator 

under incremental plastic straining 

The (principal stress) return mapping-based algorithm defines the updated 
stress tensor as an isotropic tensor function of the elastic trial strain 
tensor. The eigenvalues of the stress tensor are implicit functions of the 
eigenvalues of the trial strain defined by the return algorithm: 

We compute the partial derivatives (consistently with the relevant return 
mapping applied): 

and then assemble            according to a general formula for isotropic 
tensor function derivatives. 
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…for example, for the right corner return… 
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Return-mapping-based 
Integration algorithm for the 

Mohr-Coulomb Model 
 



Computational Plasticity 27 



Computational Plasticity 28 

Multi-surface representation 
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Associative/non-associative flow rule 
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Main plane 

Corners 

…right 

…left 

Apex 
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Main plane 

Corners 

Apex 

Associative hardening 
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Elastic predictor/return mapping algorithm 

In principal stresses 

Multi-surface representation 
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Return mapping to main plane 

return mapping equation 
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Return mapping to right edge 

return mapping equations 
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Return mapping to left edge 

return mapping equations 
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Return mapping to apex 
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Return mapping to apex 

return mapping equation 

update of state 



Computational Plasticity 38 

Selection of the correct return mapping 
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Consistent tangent 

Analogous to Tresca in terms of 
principal stress derivatives 
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Finite Strain 
Single Crystal Plasticity 



Computational Plasticity 49 

Slip systems. Plastic deformation by slip 

FCC (face-centred cubic) 
lattice 

plastic slip 
mechanism 

slip plane and 
slip directions 
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Single slip 
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Multi-slip (multi-surface) model 

Yield functions 

Plastic flow rule 

Yield surfaces 

Hyperelastic law 

Schmid resolved 
(Kirchhoff) shear stress 
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Plastic multipliers: 
 
•  Rate-independent case (loading/unloading condition) 

•  Rate-dependent. For example, Norton type visco-plastic: 



Computational Plasticity 53 

Backward integration algorithm 

Elastic trial step 
 
 
 
 
 
 
 
Consistency check 

IF THEN 

ELSE  perform multi-surface return mapping 
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Exponential integrator for the plastic flow 

Multi-vector return mapping 

plastic 
incompressibility 
preserved exactly 

Note: 
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•  Rate-independent case: 
 
   Consistency equations (1 equation for each active slip system) 
 
 
 
 
   Newton-Raphson solution 

tensor exponential derivative 
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•  Rate-dependent case (system of six equations in 3-D, regardless of the 
  number of slip systems): 

   System Jacobian for N-R algorithm: 
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•  Rate-independent case (assuming neo-Hookean elastic law) 

Consistent elasto-plastic spatial tangent modulus 
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•  Rate-dependent case (assuming neo-Hookean elastic law) 

only algorithm-related term 
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Example. Strain localisation 
(rate-independent) 

Planar double-slip crystal models 
(plane strain) 
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Slip planes symmetric about 
longitudinal axis 
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Slip planes unsymmetric about 
the longitudinal axis 
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Freely downloadable FORTRAN FE program available at: 
 
www.wiley.com/go/desouzaneto 
 
 
 
The companion software to 
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EA de Souza Neto
D Perić
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