c2ec Computational Plasticity

Finite Strain Plasticity

Topics:
« 1-D Model with multiplicative kinematics

* General isotropic 3-D model

« Exponential map-based integration algorithm

» Consistent tangent operator
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1D Multiplicative Kinematics. Justification

Axial stretch

I
p_ P
A A
Elastic axial stretch
e
A= —
L
Then, the multiplicative split
A= NN

follows naturally.
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1D Hencky Hyperelastic Law

E e°, e®=1In \°

=
|
)

Yield function & elastic domain

O(1,7y) = |7 — 7y

E={1| (1. 7)) < 0}
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Flow Rule

In addition to the above, a plastic flow rule is required to define the evolution of the plastic
stretch, A\P. Here we shall postulate the following law

AP(AP)~L =4 sign(7). (14.10)
which is complemented by the usual condition
<0, 420, 40=0. (14.11)
Note that, from the definition of A¥, we have the identity
. [
AP(AP)~1 =Z—P, (14.12)
P

that is, the right-hand side of (14.10) is the instantaneous rate of plastic straining measured
with respect to the plastic configuration defined by AP. Also note, with the logarithmic axial

plastic strain defined by
el =1n NP, (14.13)

that (14.10) can be equivalently expressed as
eP =4 sign(71), (14.14)

which has the same functional format as its infinitesimal counterpart (6.10). We remark,
however, that the above law in terms of the logarithmic axial plastic strain does not generalise
to the multiaxial case treated in Section 14.3.
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Hardening
Ty = Ty(€7)
€ = [¢F] =+
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Box 14.1. One-dimensional finite strain elastoplastic constitutive model.

(1) Multiplicative split of the axial stretch
A= AN
(11) Uniaxial Hencky elastic law
T=FEIn\°

(11) Yield function
O(r,7y) =|7| — 7y

(iv) Plastic flow rule .
NP(AP) ™" =4 sign(T)

(v) Hardening law
Ty = Ty(EP)

(vi) Loading/unloading criterion
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General Multi-dimensional Model
with Multiplicative Kinematics
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Multiplicative split of the deformation gradient

F=F°F?

initial
configuration current
configuration

'\ ¢ local
;. .
~ _ _ 7 intermediate
configuration

Figure 14.1. Multiplicative decomposition of the deformation gradient.
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Figure 14.2. Multiplicative decomposition of the deformation gradient. Micromechanical basis.
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Elastic and plastic stretches and rotations
F€=R€ Ue :VeRe
FP — RP U J VPRP
Elastic and plastic stretches and rotations
L=V,u=FF !
L — L€ _l_ FeLp(Fe)—l
L¢=F¢(F¢)~', LP=F"(FP)~!
Plastic stretching and spin

D? =sym[L”], WY =skew|L"]

3
D? = E d‘:) €; & €;
1=1

11
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Spatially rotated plastic stretching

D~I) — Re Dp ReT — Re SyITl[Fpr_l] ReT

3
D = E d; &; ® €;
i=1

12
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Logarithmic elastic strain measure

ef=nV*®= % In B¢

B¢ = Fe(Fe)T — (Ve)Q

Deviatoric-volumetric split

13
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General isotropic large strain elasto-plasticity model

Hyperelasticity law

4=px (i=1.,....k)

Yield function & yield criterion
E={T|P(r, A) <0}

W={1|P(T,A) =0}

14
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Plastic flow rule
N

pr_ s 2%

or - D ) - ow .

e == (R R

-
W p_ 0 | OO
O

...recall 1D counterpart

AP(AP)~!

= sign(7)

Internal variable evolution
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Box 14.2. General isotropic finite strain multiplicative elastoplastic model.

16

(1) Multiplicative decomposition of the deformation gradient

F=F°F"*
(11) Isotropic hyperelastic law
_oY(ef, o)
TP T gee

(iii) Evolution equations for F' ¥ and internal variable set cx

Frri~ =5 RTIZRe
or

C'){ — ;\‘r" H

(iv) Loading/unloading criterion
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Some important properties

Dissipation inequality
7:DP — A % & > ()

Volume-preserving plastic deformations
JP =det F?

el =In JP =In[A(}) Ng) Az

= In )“?1) + In N\

(2) T1n )\(3) = tr[ln V7]

det FPF=1 << &P =0

V

17

Logarithmic
volumetric
plastic strain
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Plastic incompressibility at finite strains

&P = (In[det F?]) = detle (det F?)

tr[F ' (FP)~1).

Analogous to the
small strain theory!!
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General
Elastic Predictor/Return-mapping
Algorithm
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Problem 14.1 (The finite elastoplasticity initial value problem). Given the initial values
FP(ty) and a(to) and given the history of the deformation gradient F(t), t € [to, T], find
the functions F?(t), a(t) and #(t) that satisfy

9,
Fity) F6) ™ =5() BT 57| R) 1466
a(t) =4(t) H(7(t). A(?))
and
Y(t) =20, @(r(t). At)) 0. A()2(r(?). A(¢)) =0 (14.67)
for each instant t € [to, T, with
oY o
T(t)=pp—| . Alt)=pp— (14.68)
and the kinematic relations
e(t) =In VE(¢)
V(0= P () P ()" .
R(t) = [V°(t)] " F°(1)
Fe(t)=F(t)[FP(t)] .
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Plastic flow discretisation. Exponential map backward scheme

| ow
T
Ffz+1 =exp | Ay sz+1 Ot fz+1] F*Z
n+1
ov
T
= sz-i—l exXp !AA, T ] Rfl-i-l Ffl
n+1

Qnt] =Qp + A“, Hn-+—l

-

A~y >0, (I)(Trz+l: A-rz+l) <0, Axy (I)(Tn+lr An+1) =0

The exponential
map algorithm is
particularly
suitable for the
present plastic
flow equation

Important property. Exact volume-preserving discretised flow

ov
tr [E] =0 <= det[exp[Avy 0V /oT]| =1
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Equivalent elastic deformation gradient update

oV
F, | =FAF; Rn+1 e\p[ A~ 3

n+1

e
n+1

22
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Problem 14.2 (The incremental finite plasticity problem). Given F; and o, at the

beginning of the interval [t,,t,+1] and given the prescribed incremental deformation
gradient, F a, for this interval, solve the following system of algebraic equations

ov
F. =FaF; Rn+1 exp[ Ary -

e

n+1
n+j (14.77)
dpt1 = Qp + A'\, Hn+l

for the unknowns F5, |, a1 and A7y, subjected to the constraints

A", > 0. (I)(Tn+l_- A-n+l) < 0. A'\, (I)(T-n+l_- An+l) = 0. (14.78)
with 9 .
Th+l1 = /3 ‘ : An—l—l = /3_ (1479)
868 n+1 80& n+1

and the kinematic relations

e _ e
é7-n-+—l - 111 n+1

] (5

o =[Fou (FS )T (14.80)

fz-}—l =[ :zz-+—l] . Frz+l
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Logarithmic elastic strain-based update. Small strain format

oV ]
n+1

Or
_ e trial pe T
] - Fn-l—l R-n-l—l
n+1

e trial ,
n+l Fn+1 Rn+1 e\{p{ A’\;

oV
‘/Tf-}-l e‘(p [A / 8

ov
Or

e trial\2
Vz+l )

V:-{—l exXp [2 Aﬁ ] n+l ( 7
n-+1

QS U R

e trial 8‘1’
Vs+1 V.1 exp[ A~y B ]
T n+1
ee trial A’\ 8\11
n+1 n+1 (9
T n—+1

Small strain format !!!
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Box 14.3. General integration algorithm for isotropic multiplicative finite strain
elastoplasticity.

HYPLAS procedure: MATISU

(i) Given incremental displacement Aw, update the deformation gradient
Fa:=1+V,]Au], Fp,i1:=FaAF,

(i1)) Compute elastic trial state

B, =exp|2e;]

B* .= Fa B (Fa)T

e 2® =In[ViH =1 n[Bi5
al? = an

(iii) GOTO BOX 14.4 —small-strain algorithm (update 7, € and &)
(iv) Update the Cauchy stress

On+1 = det[Fn+1]_l Tn+1
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Box 14.4. General integration procedure — small strains.

(i) Given €% and a®%3], compute

a,, |trial n,, |trial
trial __ — at/ trial aL

A

Tn+1 —Paee ’ n—+1 —,0 aa

n+1
(i1) Check plastic admissibility
IF o(r58, AR <

n—+1

THEN set ()n+1:= (-)F,f;_a{ and EXIT

(i11) Return mapping. Solve the algebraic system

( c)ll!

)

e e trial 0
€n+l - n:c+-la + A’\ -
Aqn+1 — O — A"/ H(Tn+1, An+l) -
\ Q(Tn+lg An+1) ) 0
for e, .1, @n+1 and Ay, with
oY _ oY
Tn+1 p a An+l p a_
1 n+1

(iv) EXIT

26
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General

Consistent Spatial Tangent
Modulus

27
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General formula
Akl = = ==— F1qg — 0y Ok

Algorithmic constitutive function

~ e trial
Tnt+l = T(an €n+l )

7A'(Ofn.- F'n+l) = 7~'(O‘n efzjfllal(B-rf—}t-iial(Fgr Fn+l)))

Consistent stress derlvatlve ................................................ k '"ema::ﬁ;
or | e c)eg trial  gperEl
8Fn+l (—)66 t11a1: C)B e tr1al aF-n-}-l

n+1 :..-'

small strain format

28
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djjkl =

1

QJ[D:L:B]ijkl

— 0il 5jk

or

D= 866 O_e trial
n+1

e trial
. a ln[Bn-i—l ]
T e trial
8B-n+1

5 e trial e trial
Bijri = dir (Bpi1 )ji + 0k (Bpii

)i
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Quadratic rates of asymptotic convergence.
Example 14.9.1 Tresca bar

30



