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Introduction to
Finite Strains

Topics:
e Finite strain kinematics
« Stress measures

» Hyperelasticity
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The deformation map
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Figure 3.1. Deformation.
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Rigid deformation

rigid rotation
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Figure 3.2. Rigid deformations.
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Motion. Time-dependent deformations

x=(p,t)
w(p,t) =p+u(pt)

c(1)

reference
configuration

Figure 3.3. Motion.
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Rigid motion. Rigid velocity

vz, t)=v(y, t)+ W(t) (xz — y)

with W (t) a skew tensor

Figure 3.4. Rigid velocity.
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The deformation gradient

D
F(p.t)=Vop(p.t) = ~t <> F=I+%u

op
de=F dp
reference
configuration L
C ox+de A
dp AN
___—.—h-?————ll————:-___. "Il \ ¢ '-i/
p PP D xy dx=F dp "
[ ﬁ LA T Vs ;
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Figure 3.6. The deformation gradient.
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Measuring volumetric changes. The determinant of the deformation
gradient

reference
configuration

dv = det[F] do,

Figure 3.7. The determinant of the deformation gradient.
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dv = det[F]do,

det T'=

(T'u x Twv)-Tw

(u X v) - w

:> det F' = dl—

(1(])

J =det F
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Locally isochoric (volume-preserving) deformations

J =1

Locally purely volumetric deformations

F=al

[ . . :
= in all directions.

lo
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Isochoric/volumetric split of the deformation gradient

F :FiSO FV — Fv FiSO

F, = (det F)3 I Fi, = (det F)"3 F

Note that

&
..

det F'y, = [(det F)%] Pdet I =det F

Lo =

det Fig, = [(det F)"3]* det F =1
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Polar decomposition. Local rotation and stretches

|F=RU=VR|

Right and left stretch tensors
U=vVC, V=VB.
V=RUR'

Right and left Cauchy-Green strain tensors

C=U?’=F'F, B=V?’=FF"
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C2EC
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Figure 3.8. Polar decomposition of the deformation gradient. Stretches and rotation.
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Spectral decomposition. Principal stretches

3

3
U = Z Nl ol V= Z A €; 2 e
=1

=1

where the {Ay, Az, A3} are the eigenvalues of U (and V') named the principal stretches.
The vectors I; and e; are unit eigenvectors of U and Vrespectively. The triads {ly, I3, I3}
and {ey, ey, e3} form orthonormal bases for the space % of vectors in & They are called,
respectively, the Lagrangian and Eulerian triads and define the Lagrangian and Eulerian
principal directions.

l‘l' = REE
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Strain measures
|dz||*>=Fdp- Fdp=Cdp -dp=(I+2E?)dp-dp

Green-Lagrange strain tensor
E®=1cC-TI)
= %[Vpu + (Vyu)' + (Vyu)' Vyul

Locally rigid deformation

ldz(|=|dpll. ¥ dp > C=U=I {— E® =0 <> F=R
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Spectral representation of the Green-Lagrange strain
3
E® =" (N -1l

]

=1

Other Lagrangian strain tensors

1

— (U™ =1 m+#0
E(mj _ .”1( ) 1 #

lﬂ[U ] m =20

3
EM = Z FNi) L &2 L,
i=1

1
— (N —=1) m=#0

f(,\l) — ¢ m
In \; m =0
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3 T
. Green-Lagrange (m=2) .~
5 7 Biot(m=1) -7
.1 . P /'/. — - -
“““Hencky (m=0)
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Figure 3.9. Strain measures. Principal strain as a function of the principal stretch for various strain
measures.
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Eulerian strain measures

E(m} _

Computational Plasticity

1
—(V"—=T) m+#0
m
In[V] m =20
3
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Velocity gradient
Y9 L=V,v

Rate of deformation and spin

The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted
x Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then insert it again.

Consider a uniform velocity gradient. We have
rigid

or, equivalently, velocity

vi(x. t)=v(y, t) + W(t) (z —y) .
~straining

”US(:IB. ty=D(t) (xz —y). < velocity
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v (x, t) = D(t) (& — y)

3
D= E d; e; 2 e;
i=1

Computational Plasticity

Figure 3.10. Straining velocity field.
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Rate of volume change

= (o ] = 20

F =JF . F

tr L =tr D

li=JuD

Also note that

tr D=div, v
so that, equivalently,

J=.Jdiv, v

21
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Stress Measures
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The Cauchy stress tensor

Cauchy’ s Theorem establishes that
t(x,n)=oc(x)n

=0

The tensor o 1s called the Cauchy stress tensor
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Principal Cauchy stresses

3
o= E o, €; Re;
i=1
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Deviatoric and hydrostatic Cauchy stresses

o=s+pl,

I(o)= % tr o

W=

P

s=oc—pl=l4:0o

The Kirchhoff stress tensor

T=.JO

25
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The First Piola-Kirchhoff (or nominal) stress tensor

measures force per unit reference area

_ da da
t=—=t=—0on
dao dao

m dag = dp, x dp;

nda= F dp, x F dp,

Su x Sv=(det §) S~ (u x v)

Flnda=TJdp, xdp, = mdag

deformed
configuration
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Finite Strain
Hyperelasticity
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Dissipation inequality. Second law of thermodynamics

1
o D—p( —I—ﬂf))—éq g=>0

Thermodynamics with internal variables. Dissipative models

Free-energy function

=(F, 6, @)
Dissipation
T O 7 N o g o 1 >0
g — D — . — [ — — 0 X — — . '
P OF P\"T Do P Do T g1 9=

11

A : o : o J i
P—_—Y F —p — 8 —->- Y. — —q-qg >0
( i ) /)(S—l_ ()(‘)) i oy, o v 9=
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...the dissipation inequality implies

_ o N
P=ror = o

Hyperelasticity. Definition

V=Y (F) ‘ ———> No dissipation !

29
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Material objectivity

Computational Plasticity

H(QF) = (F) —>

P oy oC

“Poc T oF

tosl

—2pF — F7
T JO 8 C b

2, 0U

J = ocC

FT
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Isotropic hyperelasticity

UF Q)= u(F)

Computational Plasticity 31

—>

the free-energy is an
isotropic scalar function
of a tensor argument
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Principal stretches representation

B(V) = (A Aa. Ay

U(B) =1 (by, by, bg) = (b, b3 . b3)

Principal stresses

d’{: 81-'3'
s =2p A
T .|O U‘b /\
81?
T= 0 /\ e; 2 e;

32
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Invariant representation

Stress

1
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Li(tr )% —tr(8%)] = 1(S545;;
I4(S)=det §=

T2

6€ijk€parSipSiqOkr:

T=J (B I+ 5, B+ 3_,B™")

; 9
Do =
VI
5 _ 2 o
=L o

o)

(
Iyp—+13p—

U‘Iz

s
__Q‘F’“;IQ

)1
Ol

— 55 5ji)
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Regularised (compressible) Neo-Hookean model

pur(Iy, J)=1G (If —3) + LK (InJ)?

Iik = trBj..
Bio=F o FL =(det F)y s FFT

1S0O

T=Gdev[Bi,| + K (InJ) I

34
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Regularised (compressible) Ogden model

N
PO LA AL D) =3 F2)2 + () + (A5)* — 3] + 1K (In J)?

Y
p=1 P

N
7= pp IO = LA AT AP 4+ K In J
p=1
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Hencky model (logarithmic strain-based)

Important properties

EEIHV:%IHB

o
T=p—=D:e
Je

sy =tre=0<=detF =1

Ed = In MSD

36
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Hyperelasticity boundary value problem

Reference (or material) description

G (u, n):/[P:V"pn—l_)-n] dv—/ t-nda
Q

€2

Linearised virtual work equation

DG(u",n) [du] = / A:V,0u:V,ndv

2

oP
A=oF

material tangent modulus or
r+ first elasticity tensor

/A:Vp5uzvpndtr:/(P:Vpni_)'n)d-tﬂr/ t-nda
Q Q

o124
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Spatial description

G’(u,n):f [U:Vxnb'n]d-vf t-nda
»(02)

©(O52)

Linearised virtual work equation

DG(u", n) [du] —/ a:V,ou:V,ndv
@

»(£2)

1 .
Ajkt = Aimin Fijm Fin  spatial tangent modulus
1 fﬂT}'
Adijkl = j 8F: Fron — 0 53';:;

/ a:V,0u:V,ndv=— / o:V,n—>b-n|dv+ / t-nda
©(L2) ©(Q2) @ (02)
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FE Equations (spatial description)

ext

r(“-n-l-l) = fint(“ﬂ-l-l) — In4l T

£ / B’ 6(ev,, F(u,. 1)) dv
"-r-'*'rl-i—ll:ﬂl:e\'lj

0

e T
= N [
"-F-‘rl-l—l':QI‘eﬁ] "-p’r"n-l—l(aﬂte

Newton-Raphson solution

Ky du'®) = k=1
K = / | L aGd
P2 (20)

]

)

NT ¢4 da
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/ prescribed
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Figure 13.1. Annular plate: (a) gecometry and boundary conditions; (b) reaction-displacement diagram.
(Reproduced with permission from Finite elasticity in spatial description: Linearization aspects with
membrane applications, EA de Souza Neto, D Peri¢ and DRI Owen, International Journal for
Numerical Methods in Engineering, Vol 38 (¢) 1995 John Wiley & Sons, Ltd.)



