c2EcC Computational Plasticity

Computational Treatment of
von Mises Plasticity

Topics:
* Integration algorithm. Elastic predictor-plastic corrector
» Consistent tangent operator

» Elasto-plastic Incremental Boundary Value Problem solution
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Problem 7.1 (The elastoplastic constitutive initial value problem). Given the initial values
e(to) and a(to) and given the history of the strain tensor, e(t), t € [to, 1’|, find the functions
e®(t), a(t) and ~(t) for the elastic strain, hardening internal variables set and plastic
multiplier that satisfy the reduced general elastoplastic constitutive equations

(7.6)
a(t)=4(t) H(o(t), A(t))
A(t) =0, Pla(t), A(t)) <0, A(t)P(a(t), A(t)) =0 (7.7)
for each instant t € [to, T'|, with
Y o
ot)=p Dee |, At)=p % (7.8)
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Integration Algorithm
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Problem 7.2 (The incremental elastoplastic constitutive problem). Given the values &,
and o, of the elastic strain and internal variables set at the beginning of the pseudo-time
interval [t,,, t,41], and given the prescribed incremental strain Ae for this interval, solve the
following system of algebraic equations

Eiﬂ = E-ﬁ. + Ae — 3" N(O'-n+1-. A-n+1)

(7.10)
Qpyr] = Op + Aﬁr’ H(J??.+1r A?H—l)
for the unknowns €5, |, &, 41 and A, subjected to the constraints
.Aﬁtl 2 0._ (I)(Jn_i_]_, An+]_) g 0._ Aﬁ:r (]:)(0--”,_’_]_, Aﬂ_'_]_) — [:}. (7.1 l )
where _ _
_ Oy _ O |
Ont1=p Appr = - . (7.12)
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General elastic predictor/plastic corrector scheme

Elastic predictor

e trial __ e .
€n+1 - en —|_ Ag l (._)lr. tl‘lfl-l t l
trial __ = ~ 7 rial
trial G‘_”_'_l — P (.-_-)EE, ) Aﬂ—!—l —
an—}—l = Op. - n4+1

Admissibility check

IF (I}t“al (I}( itral—llﬂ A;l—l:i) 0 ::> (')?H—l = ()gzl—liitll
ELSE

Plastic corrector . Cteial
E?E—I—l — E-n—i—lt o A,\ N(G—'n—l—l«. A-n—i—l)

tllal
Xp1 = n—l—l + -A H(O—n—l—l An—l—l)

(I)(G-'”—F].': A-n—l—l) =0,

_ O

- Ja

trial

n+1
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Box 7.1. Fully implicit elastic predictor/return-mapping algorithm for numerical
integration of general elastoplastic constitutive equations.

(1) Elastic predictor. Given A€ and the state variables at t,, evaluate the elastic trial

state -
- 1 =] /
e i = €5 + Ac
trial
O{fn,r—l|—a1 =0y
A g |trial a g, |trial
trial _ — dt Atrlal — 01
O-n—l—l =p aEe_ n+1l — P 0
n+1 n4+1

(i1) Check plastic admissibility
IF (o, A) <
THEN set ()pg1 = (')‘;}‘f} and EXIT

(ii1) Return mapping. Solve the system

e t t 1
En—l—'l n—l—ria + A Nn—l—l 0
trial ; _
Qny1 — O — Ay H,. ;=<0
(I)(Un+lr An—l—l) 0

for €54 1. 0,1 and Ay, with

_ Oy _ 0y
Ont1=p Jee An—l—l =p 0—
n+1 n4+1

(iv) EXIT
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Geometric interpretation

trial

I(jra+l

hardening
plasticity

d)(ﬁ.- ‘4H+] )= 0

G,

elastic
domain at 1,

(I)(G!AH.} =0

Figure 7.3. The fully implicit return mapping.
response.
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trial

G.u+]

perfect
plasticity

elastic
domain

Geometric interpretation for materials with linear elastic
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Alternative procedures

Generalised Trapezoidal Return Mapping

’Efl—i—l — €f2$ial o AA [(1 — H)Nn + eNn-{—l]

Qnt1 = Ay + Aa [(1 o H)Hn + HHn-l—l] y = 0 = L.

(I)(O-'n—i-l- A72+1) =0,

Generalised Mid-Point Return Mapping

Nn—l—@ — N(J-JI—I—9~ An—l—@)

= __ ~€e trial A~
E?]_i_l —_ E'”—|—1 — A ¥ Nn_|_9
H—n—!—@ — H(J-rz—l—9~ An—l—@)

Xp41 = iy + Aﬂr H?H—Q

Tnto = (1 — H)U?I—I—]_ + 6 O
{I)(G-'H—F].? A-n—|—1) =0,

A-n—l—ﬂ — (1 — Q)An + 0 An—l—l
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Application to the
von Mises model
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The model. von Mises with isotropic hardening

1. A linear elastic law
o=D":¢e°.

where D is the standard isotropic elasticity tensor.

2. A yield function of the form

¢(o,0,) = V3 Ja(s(a)) — Ty,

where
o, = 0,(EP)

is the uniaxial yield stress — a function of the accumulated plastic strain, 7.
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3. A standard associative flow rule

_ oD
=P = .r' = 7y e 776
© ' - Jdo ( :
with the (Prandtl-Reuss) flow vector, IV, explicitly given by
P 3 s
N=—=4/- +—. 1.77
do \[2 El VD

4. An associative hardening rule, with the evolution equation for the hardening internal

variable given by
o=\ 2] =4, 7.78)



@‘;;;W/
==
S
"
\ 4

C2EC Computational Plasticity

. recall general scheme

Elastic predictor

e trial _ e .
En+1 —&p + Ae : > trial -
trial _ = ~% rial __ -
trial U'H-—I—l T !O (‘:)EE ’ A-n_—|—1
an—}—l = Op. - n4+1

Admissibility check

IF ol = 0 szqrf{ A:fi) 0 = (Jnt1:= ()grll
ELSE

Plastic corrector . »trial |
L{“:n.—|—1 — E-n—i—l o A,\ N(U'n-—l—lf An—l—l)

t11al
Xp1 = n—l—l + -A H(Un—l—l An—l—l)

(I)(J'?l+1? A-n.—l—l) — O-‘

12

dav

. trial

n+1
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Elastic trial step
Ae = En+l — En

e trial _ _e
En+1 = &n + Ae
=p trial _ —p |:'>
“n+1 T “n-

trial _ e . ~etrial
O.n—i—l _ D : ‘gn—}—l

trial e trial

Y
Sﬂ.—l—l = 2G €q n4+1:

Plastic admissibility check

trial -

—>

v Computational Plasticity

trial ( =P ) _

Tynt+1 = 9y\&n) = Oy,
- t'rial I [ s ,E trial
}'}”—1—1 T I‘l 'Exr ﬂ'—l_]-
e __ ~etrial
En+1 = Entl
__ trial
G-”;—i_]. - G-?-L_i_l
“n+l T “n+l T “n

_ trial __
Oyn+1 = C'.y n+1 — %y,

13
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solve plastic corrector system of equations:

’
3 s

etrial _ A~ /2 n+1

€h41 = Entl Q—HSnHH

< i—l—l_fp_{_ﬁﬂ

'\/3 Jo(Sn41) — oy(E i+1) 0,

=P

forej, 1.8,

, and A~y and where

Sn41 = Sn+1(€-fi+1) =2G dex[ n—!—l}

8 coupled scalar equations in 3-D
6 eqs in axisymmetric case
5 egs in plane strain case
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Single-equation return mapping

Volumetric/deviatoric split

e trial
E1n,+1 €vnt1 pn+1::p2$¥
3 s ‘
trial O on+tl 3 Sp+1
n: — g€ — A~ s nvi _ gtrial A" 2G; = Tht
dn+1 — “dn+1 / \/T Sp+1 = T4/ -
2 ||snq1ll nr Pntl

4 ||Sn+1H

Sn+1 = fzr—lkall
Hs +1H ’
T

trial
|:> Sn41 . Sn—l—l
trlal

HS?H-IH H n—i—lH
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oS T —I— 1 o 15 E}r_i:l{ 1 :3 ‘Af‘-} 2 G t . lal
p— - e — s
ol T ol ) =

1 — v 2G t11'11
Snt+l = ||Stual Sn+1
n—i—l

—(1— Ay 3G trial
( trial “n+1
1n—|—1
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... recall plastic consistency equation

\/‘3 J2(8n41) — (Ty(fiﬂ) =0

combined with

on+1l = 9 || gtrial “n+l
‘ Hsn—l—l |

— (1= Ay 3G gtrial
G trial “n+1>
172—}—1

gives the single-equation return mapping

O(Ay) = gl — 3G Ay — 0y (22 + Avy) =0

17
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O,
r updated
yield surface
s N3P
v
e

initial
yield surface

Figure 7.8. The implicit elastic predictor/return-mapping scheme for the von Mises model. Geometric
interpretation in principal stress space.
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n-plane

updated surface —/

at et

Figure 7.9. The implicit elastic predictor/return-mapping scheme for the von Mises model. Geometric
interpretation in the deviatoric plane.
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(1) Elastic predictor. Given A€ and the state variables at t,,, evaluate the elastic trial state

estil =gl + Ae

—ptrial _ _p

n+l1 En

trial | 7~ _etrial, trial | « e trial
pn—l—l = I& v n—+1> Sn—l—l - ZG Ecl n+1

trial .__ 3 otrial . gtrial
In+1 = \/5 Sntit Snti

(i) Check plastic admissibility
IF g1 — oy (S735™) <0
THEN set  (-)n41:= (-)% and EXIT

(111) Return mapping. Solve the equation
P(AY) = g5 — 3G Ay — oy (2, + Ay) =0

for A~ using the Newton—Raphson method — GOTO Box 7.4 — and update the state
variables

_ . trial, — (1 Aﬁ! 3G trial
Prn+1 = Pn41; Sn41 1= - trial Sn+1
qn—|—1

Tni1 = 8nt1 + Pr+1 I

e 1 1 _etrial
€ﬂ+1_ bYal Sn_|_]_ + gg\ﬂ—FlI
=P . =P A~
Ent1 = En + Ay

(1v) EXIT
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Algorithmic incremental constitutive function for the stress tensor

=p _etrialy _ D¢ ﬁ 1[];}’[.ri.f_a,l Aﬁ 6G* | . e trial
J”r"']- - Jﬂ_’“l( E?l—|—1 ) — o ( ) trial d ’ E?‘E-—Fl
Tn+1
where H i1s the Heaviside step function defined as
A I ifa>0
H(a) = ., for any scalar a,
0 ifa<O

|4 is the deviatoric projection tensor defined by (3.94) (page 59),

trial 3 trial € trlal
n+1 = \/;HS??-—I—]_ 2(7[“Ed n—l—l

—glent) =26,/ 1 g
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Return-mapping solution. Newton-Raphson Method

22

(1) Initialise iteration counter, k := 0, set initial guess for A~
Ay =0
and corresponding residual (yield function value)
trial (;p)

D= Gn4+1 — Oyl&n

(11) Perform Newton—Raphson iteration

1c
H = (iy (hardening slope)
dd . . ..
d:= ——=—3G — H (residual derivative)
dA~ .
o i
Ay = Ay — 7 (new guess for Av)

(ii1) Check for convergence
P .= qfff‘ll — 3G Ay — oy (28 + Avy)

IF |®|< e THEN RETURN to Box 7.3
(iv) GOTO (ii)
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Finite step accuracy. Iso-error maps

— 15% -

. - 20%
e
\\\ \ |'.\ | | |

6

2

Ao, /q
(b)

(a)
Figure 7.7. Iso-error map: (a) typical increment directions; and (b) a typical iso-error map.
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Consistent Elasto-plastic
fangent operator

24



L 4
227)
5950
"

C2EC

Computational Plasticity 25

C ™
algorithmic stress
constitutive function

A
Grr+l: o (O"ﬁ ¥ Eri‘+l)
. J

|

— state update procedure -

e _ _outpui__ \

O,y €, ; # elastic predictor/ » I:' C('.!Hl’ G,-.r+l ':I
/ return-mapping algorithm \ /

—

Figure 7.12. The algorithmic constitutive function for the stress tensor.
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Algorithmic constitutive function for von Mises model (implicit algorithm)

=p e trial D¢ — (I)trlal Am 6G2 | . e trial
On+1 = Un+1( s Ent1 ) ( ) W d| - Ent1
n—+1

Algorithmic constitutive function derivative

< | consistent tangent
. operator

den-{—l asn—l—l
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.equivalently, we have

D oo 6)5

Bilisinon-differentiableftand
therelarel20possibilities:

binisidifferentiableiandiDlisithe Elastic unloading Plastic loading

elasticityitensor: Dlislthelelasticityltensor: Dlislthelelastoplastic

(OO DE=0D” Di=ID" consistentitangentioperator:
D=0D%

(CnsEp 1) A loading

B(o,.€,,)

unloading

/ €, / €1

Figure 7.13. The tangent moduli consistent with elastic predictor/return-mapping integration algo-
rithms.
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Elasto-plastic consistent tangent operator. Derivation

A"‘r’ 6@2 ‘

€ J . e trial

Opt+1 — [D T ld E’-??.—i—l y (71 13)
qnekl

where A~ is the solution of the return-mapping equation of the algorithm (Box 7.3),

O(AY) = ¢ — 3G Ay — 0y (22 + Ay) = 0. (7.114)

A straightforward application of tensor differentiation rules to (7.113) gives

A~ 12 12 AN .
C)Jn.—l—l  Ne A 6G Id 6G € trial . 0A /
a.etrial o trial 17 “%rial Sdn+1 ¥ 5 ctrial
{)En—i—l q‘?l—l—l q-n,—l—l {:)E-n.—l—l
A~ 2 0 trial
A f 6G e trial . dg'?l-l—l

T ({ trial)z €dn+1 ® et trial’
}-n.—l—l n+1
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..recall that
A = [R]85 = 26 /8 leg b
= (e ) = 261 /3 | - 5|
so that we obtain

trial
dc]n—i—l — 92} EN
et a_etrial — <\ 2 n+1
n—+1

where we have conveniently defined the unit flow vector

o _ edn
L= \/7N 4= Sn _ C n,‘-
N " ||s§:ri|| g triat |

29
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...further, we differentiate the return mapping equation
O(Ay) =M — 3G Ay — 0y)(E2 + Ay) =

and obtain

A 1 DqHia)
Dec il ~ 3G+ H Def i 1
36 + H\/iNn‘l‘l d.fp &:ﬂ +A~

Finally, we get the closed form expression for the consistent tangent

e e Aﬁr 6G2 s A'“ 1 — =
D =D — ﬁ lg 4+ 6G (q}]r_?_all 3G + H) Nn—l—l by Nﬂ,—l—l
A~ 3G
= 2G (l — — ) lq
qn—l—l
-+ 6@2( ?ﬂ.l — o ! ) N—n—kl X Nﬂ,—l—l + I‘&JFI':ZE::' I.
iy 3G+ H
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Solution of the incremental
boundary value problem

31
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equilibrium constitutive initial
(principle of virtual work) value problem

initial boundary value
problem

time-discretisation
of the constitutive IVP

A

incremental constitutive
law

Y

incremental boundary
value problem

finite element

Y

discretisation of the PVYW

incremental
finite element equations

Figure 4.1. Numerical approximations. Reducing the initial boundary value problem to a set of
incremental finite element equations.
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Incremental boundary value problem. Principle of Virtual Work

f [t}(&n_, vsu-rz—i—l) : VST? — by 7?] dv — f tpi1-mda=0
Q2

(‘_:J}S-Et

Finite element-discretised IBVP

__ gint Xt
r(lln_|_1} = flu (“n_'_l) — (:_!}El_l — 0

int T -
ftIE’IJ - / B" 0(cn, e(upiy))d
Q)

x b T T .
J Qe o0
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Newton-Raphson iterative solution

K out®) = (=)

S i U

34

or

dun+1 ]_l”:_ 1)

Kr :/ (BY)T'D BY dv =
h ()

(k) (A 1)
un+1 n+1 —FOU()

Convergence criterion

(]

—oxt T = €tol
|l!i%:1|

Oe (k—1)
n-+1 gﬂ+1
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Newton-Raphson iterative solution

[- int (U)
A
fﬁi&
————7K
. rD
| : : B (@
- o
n
+— I I I
oL
o
U S .
uy = u, uﬂl ] ufj ;0 Ungg u

fi ll(l] Ei ll(?]

Figure 4.6. The Newton—Raphson algorithm for the incremental finite element equilibrium equation.
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Box 4.2. The Newton—Raphson scheme for solution of the incremental nonlinear
finite element equation (infinitesimal strains).

(i)

(ii)

(iii)

(iv)

v)

(vi)

(vii)

(viii)

(ix)

(x)

k:= 0. Set initial guess and residual

pext

ufloil =, r.= f‘im(un) — A f
Compute consistent tangent matrices [MATICT]
D:=06/0e,41
Assemble element tangent stiffness matrices [ELEIST, STSTD2]
K{ o= Y= 0 i BY Dy B,
k:=k 4 1. Assemble global stiffness and solve for Su®) [FRONT]
Kr su™ = —ptF—1

Apply Newton correction to displacements [UPCONF]

k k—1 5, (ks
ufl_ﬁl = u;_H )+ su'®

Update strains [IFSTD2]
(k) (k)
g, 1 =Bu

Use constitutive integration algorithm to update stresses and other state variables

[MATISU]
& ., 2 (k)
aiﬁl:: (an.aiﬁl):

(k) )

n+1 (a”‘ €n+l

Compute element internal force vectors [INTFOR, IFSTD2]
i aus . T (k)
1(1:3 = Z?:g:l P fi By o, ;
Assemble global internal force vector and update residual [CONVER]
P L WTINT S

Check for convergence [CONVER]
IF [Je]|/[[f || < ecor THEN set (-)pgr := (-)\%), and EXIT
ELSE GOTO (ii)
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Example. Pressurised cylinder

Material properties — von Mises model s

Young’s modulus: E =210 GPa
Poisson’s ratio: v=0.3 .
Uniaxial yield stress: o,=0.24 GPa (perfectly plastic)

b =200mm

|

30°

Figure 7.14. Internally pressurised cylinder. Geometry, material properties and finite element mesh.
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] I I I I I
0.20 N -
©
o
S 0.15 |- n
o
o)
5
n
s 0.10 _ _ -
a closed solution (Hill, 1950) —
T present results <
C
v}
I= 0.05 -
0.00 ] | ] ] ] |

0.0 0.2 0.4 0.6
radial displacement at outer face (mm)

Figure 7.16. Internally pressurised cylinder. Pressure versus displacement diagram.
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0.26 I | I I I I | I
O e A
0.22 P=0.18 GPa 0.02 - P-0.1 GPa
@ o
% 0.8 G -0.06 [ .
= P P=0.18 GPa
w w
2 2
= 014 £ -0.10 -
3 8
3 P=0.1 GPa S
< 0.10 = -0.14 ) ) . -
analytical solution (Hill, 1950) —
present results <
0.06 -0.18 -
1 | 1 1 1 1 | 1
100 120 140 160 180 200 100 120 140 160 180 200
radial coordinate (mm) radial coordinate (mm)

Figure 7.17. Internally pressurised cylinder. Hoop and radial stress distributions at different levels of
applied internal pressure. Finite element results are computed at Gauss integration points.
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...quadratic convergence in equilibrium problem solution
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