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Governing Equations: 3-D Elasticity

» equilibrium V-o=0 1inQ

» traction bc on=t onl;

» traction bc on fracture faces ong =ty on 4

» displacement bc u=u only

» kinematics e=V°uinQ

» constitutive relation in the bulk o=E:inQ
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Governing Equations: 3-D Elasticity

» Weak Formulation

» Find uMP ¢ X(Q) c (HY(Q))3, such that v v € X(Q)

/ o(U"P) : e(v™)dx +77/ u™ . vhPds
Q

u

:/f-vhpds+/ t_j-[[vhp]]ds+77/ U-v™ds
[ ro u

where X () is a GFEM discretization of (H1(Q))3 and n is a
penalty parameter
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GFEM Approximation u™ e X

N D
uhp(x) — ZZ Qai¢ai(x)

a=1 =1
[ uhP ] N D [dgi(X) 0 0 ] [uy
VP = 3 N 0 gg(x) 0 Vaoi | = Nu
_Whp_ a=1 =1 i 0 0 qbaj(X)_ _Waj_
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GFEM Approximation u™ e X

N Dp
U(x) = D) Uaidai(X)

a=1 =1
[ uhP ] N D [dgi(X) 0 0 ] [uy
VP = 3 N 0 gg(x) 0 Vaoi | = Nu
_Whp_ a=1 =1 i 0 0 qbaj(X)_ _Waj_

» using Voigt notation to write
e(u™) =DNu =Bu
where D is the differential operator V= in matrix format.
» similarly for virtual displacements
vP(x) = Nv

e(v™) = DNv =Bv
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Discrete Equations

» Plugging the GFEM approximation in the weak form leads to

B(u, vhP) = MT/BTEdeg+nMT/ N'Ndsu
Q My

= V'Ku+nv'Msu

L(vMP) = MT/NTt_ds +1T/ t_j[[N]]Tds+an/ N'dds
[ l_j

My

= V'Fi+V'Fg+nv'Fg

» This leads to
(K +n9Ms)u =F{+ Fq +nFs

— GFEM for 3-D Fractures — UNICAMP 2012




GFEM Approximation for 3-D Fractures

» A GFEM approximation u"P(x) € X () of a vector value function
u is given by

N
U™ (x) = pa(x)ulP(x)
a=1
where ufP(x) € x. the space defined on cloud or patch w,
Xa = SPan{Lyj, 1 <j < Di(a), Ly € HY(wa)}.

» Goal: Select basis functions for y such that

inf U —wWqllcw,) <€
WaEXa(wa)

» The optimal selection depends on the behavior of the exact
solution u on w,: Use a-priori knowledge about u.
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GFEM Approximation for 3-D Fractures

» In the case of fracture mechanics problems, the elasticity
solution u may be decomposed into

u=0+u-+u

where ( is a continuous function, U is a discontinuous function
but non-singular and u is a discontinuous and singular function.
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Enrichments for clouds away from fracture

r/

. . ~h
» Cloud approximation G, (x ) of u
oVer wq

oQ

@ Polynomial enrichment
® Standard nodes

UP(x) = G2 (x) = 3 G oilag(x)

where D, is the dimension of a set of polynomial enrichment
functions of degree less than or equaltop — 1

j=1

PP [ (X =Xa) (Y =Va) (2-24) (X=Xa)® (Y —Ya)?
«f ) ha Y ha ) ha 9 h2 9 hg g oo

«

with h, being a scaling factor.

[Duarte, Babuska & Oden, CS 2000;
Oden, Duarte & Zienkiewicz, CMAME 1998]
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Enrichments for Clouds Cut by Fracture

» elasticity solution over cloud w, cut
by the fracture but not the front

uUu=U04+0=0+Hu

1 ifx e Q"
] 0 otherwise

— GFEM for 3-D Fractures — UNICAMP 2012

@ Discontinuous enrichment

@ Standard nodes
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Enrichments for Clouds Cut by Fracture

» elasticity solution over cloud w,, cut
by the fracture but not the front

@ Discontinuous enrichment

@® Standard nodes

(
1 ifx e Q"
H(x) = { O otherwise

» cloud approximation over w,

6|_ IjL
UP(x) = G (x) + HAP(x) = 3 G ajlaj(x) + > G oHL(x)
j=1 j=1

» GFEM shape functions at these nodes (we take D, = D)

(X _Xa) (y _ya) (X _Xa) (y _ya)
SDX{]'? ha Y ha 7"'77-[77_[ ha 77-[ ha )




Enrichments for Clouds Cut by Fracture
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(a) Continuous high-order enrich- (b) Discontinuous high-order en-
ment richment

Figure: Construction of a GFEM shape function using continuous and
discontinuous polynomial enrichments.
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Enrichments for Clouds Cut by Fracture Front

» Cloud approximation t""(x) of u
over w, Is based on 2-D expansions
of the elasticity solution near a
fracture front

» fracture front can be anywhere

» more accurate than Heaviside
function
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Crack-tip enrichment

@ Discontinuous enrichment
® Standard DOF



Enrichments for Clouds Cut by Fracture Front

» expansions of elasticity solution near a fracture front

1
(')(r 0) = %{[m—%} cosg—zcosge}

ul) (r,0) = %{[K/—Fl] smg—%singe} ué')(r,e):
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Enrichments for Clouds Cut by Fracture Front

» select basis for cloud space from this expansion

» this leads to so-called Oden-Duarte (OD) enrichments:

2 _Eij (r,0) 0 0 ] —Qij_
vh hd \J
oy =) 0 Loj(r.0) 0 ar

=1 | 0 0 LS, (r.0)] [lg

L, (r,0)=ul (r,0), L7, (r,0) =u)(r,0), L5 (r,0)=ul(r,0)

» these are vector-valued enrichments: Different enrichments for
each direction

» they must be transformed to global coordinates (simple rotation)
[Oden & Duarte, MAFELAP 1996; Duarte et al., CS 2000]
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Enrichments for Clouds Cut by Fracture Front
» OD enrichments are equivalent to a more recent enrichment, the
so-called Belytschko-Black (BB) enrichments

[Fleming, Chu, Moran & Belytschko, IJNME 1997

Belytschko & Black, IINME 1999]:

o .0 o
= Hal\ﬁsm z + Qaz\/FCOSE

uhp
2

uOé
o .0 . o .
4+ U 43V Sin =sinf + U 441/r COS = Sin 6

BB and OD are equivalent: different basis of the same space
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Enrichments for Clouds Cut by Fracture Front
» OD enrichments are equivalent to a more recent enrichment, the
so-called Belytschko-Black (BB) enrichments

[Fleming, Chu, Moran & Belytschko, IJNME 1997

Belytschko & Black, IINME 1999]:

o .0 o
= Hal\ﬁsm z + Qaz\/FCOSE

uhp
2

uOé
o .0 . o .
4+ U 43V Sin =sinf + U 441/r COS = Sin 6

BB and OD are equivalent: different basis of the same space
BB or OD?
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Enrichments for Clouds Cut by Fracture Front

» OD enrichments are equivalent to a more recent enrichment, the
so-called Belytschko-Black (BB) enrichments

[Fleming, Chu, Moran & Belytschko, IJNME 1997
Belytschko & Black, IINME 1999]:

o h o .0 o
p:gal\ﬁsszrgagﬂcosz

uOé
o .0 . o _
+ gag\/FsmEsmHJr ga4\/Fcos§sm9

BB and OD are equivalent: different basis of the same space

BB or OD?

» OD can be implemented using fewer dofs: 6 in 3-D and 4 in 2-D

enrichment dofs per node

» BB leads to 12 enrichment dofs per node in 3-D and 8
enrichment dofs per node in 2-D




Boundary
of the domain Crack surface

Crack front Intersection point

Examples of elements cut by a crack surface
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Boundary
of the domain Crack surface
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Crack front Intersection point

Examples of elements cut by a crack surface

» Linear Approximation:

The shape functions at a yellow node x ., are given by

Pa X {177'[}

At a green node X, the shape functions for the x—, y— and z— com-
ponents of the displacement vector are given by

Pa X {1 Lala az} Pa X {17 Dclxlali)(;z}a Pa X {1 Lala az}
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Boundary

fhe domain Crack surface \
\ [ 3 § ( \ / =
Crack front Intersection point

Examples of elements cut by a crack surface

» Quadratic Approximation:

The shape functions at a yellow node x ., are given by

(X =Xa) (Y =¥a) (2 —2a)
Pa X {17 ha ) ha ) ha )

(y_ya) (Z_Za)
, H h , H h }

(X — Xa)
he

H, H
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Boundary
of the domain Crack surface
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Crack front Intersection point

Examples of elements cut by a crack surface

At a green node X, the shape functions for the x—, y— and z— com-
ponents of the displacement vector are given by

X — Xa Y — Yo Z—Zy
Pa X {1-La17 a27( h )7( h )7( h )}7

(%) (Y ~Ya) (2 21)
o x 1,00, L, B0, O Ye) o2

(102,02, 20, 0 ) (2 22))

ol a27 ha y ha ’ ha

Pa X
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Computational Aspects: Integration of Discrete

Equations

/BTEdeg+n/ N'Ndsu =
Q

/Ndes+/ t_j[[N]]TdSJrn/ NTdds
[t rj u

» Integrand is discontinuous and singular:
How to integrate it efficiently in 3-D?
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Integration of Stiffness Matrix

» quadrature subcells and subelements

quadrature subcell quadrature
subquadrilateral

discontinuity ™.

» quadrature subcells are tedious to code... but it is the most efficient
approach

» subcells are also useful for post-processing, computations of
enrichment functions, etc.

» many other approaches proposed: Adaptive integration,
equivalent polynomials, special quadrature rules built on the fly,

etc....
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Finite Element Implementation

what'’s different compared to standard FEM?

> preprocessor

eometrical engine \ + - . 0“0
g g | o“o :i

® Crack front
® Boundary of the domain

Step function
® Branch function
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Finite Element Implementation

what'’s different compared to standard FEM?

» FEM procedures

dealing with variable
g dofs/node o“o I:I

» integration of local K'’s Ajﬂt\!‘ @
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Finite Element Implementation

what'’s different compared to standard FEM?

» FEM procedures

dealing with variable
g dofs/node o“o I:I

» integration of local K'’s Ajﬂt\!‘ @

» postprocessor
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